In this paper, we consider a compact Riemannian manifold whose boundary is endowed with a Riemannian flow. Under a suitable curvature assumption depending on the O'Neill tensor of the flow, we prove that any solution of the basic Dirac equation is the restriction of a parallel spinor field defined on the whole manifold. As a consequence, we show that the flow is a local product. In particular, in the case where solutions of the basic Dirac equation are given by basic Killing spinors, we characterize the geometry of the manifold and the flow.
Introduction
Over the last decades, spin geometry became a useful tool for the study of the geometry of manifolds and their hypersurfaces. In this setting, many results have been obtained in several papers [4, 16, 14, 17, 18, 15] relating the extrinsic aspect of an hypersurface M embedded (or immersed) into a Riemannian manifold N , to the intrinsic one.
Using the spinorial Reilly formula [18, Remark 1] , O. Hijazi, S. Montiel and X. Zhang proved that on the compact boundary M n+1 of a Riemannian spin manifold N n+2 of dimension n + 2 with non-negative scalar curvature, the first positive eigenvalue λ 1 of the Dirac operator D M of the boundary satisfies [18, Theorem 6]
where H denotes the (inward) mean curvature of M , assumed to be positive. Equality holds if and only if H is constant and every eigenspinor associated with λ 1 is the restriction to M of a parallel spinor on N (and so N is a Ricci-flat manifold). As an application of the limiting case, they gave an elementary proof of the famous Alexandrov theorem: The only compact embedded hypersurfaces of constant mean curvature in the Euclidean space are the round spheres.
The eigenvalue estimate (1) has also led to several rigidity theorems [14] . For example, if the boundary of a manifold is assumed to carry a Killing spinor (called extrinsic), then under some curvatures assumptions, the equality in (1) is attained and therefore the Killing spinor (which is the corresponding eigenspinor) comes from a parallel spinor on the whole manifold. As a consequence, the boundary has to be totally umbilical. This yields the following result: A complete Ricci-flat Riemannian manifold of dimension at least 3 whose mean-convex boundary is isometric to the round sphere is a flat disc [14, Cor. 6] .
In a more general context, S. Raulot assumed in [22] the existence on the boundary of a solution of the Dirac equation (instead of an extrinsic Killing spinor), i.e. a spinor field ϕ satisfying D M ϕ = n+1 2 H 0 ϕ for some particular function H 0 . He showed that the boundary has to be connected and the spinor ϕ is the restriction of a parallel spinor. In this case, the solution ϕ satisfies an overdetermined differential equation involving the second fundamental form. As an application, he proved that if the whole manifold has a vanishing sectional curvature along the boundary (assumed to be simply connected), it has to be flat.
Recently, O. Hijazi and S. Montiel [16] covered some of the previous results by establishing an integral inequality relating the Dirac operator on the boundary to the mean curvature. Indeed they proved that, in general, if the mean curvature H of the boundary is positive, then any spinor field ϕ ∈ S := ΣN | M satisfies the inequality
where dv the volume element on M and D S is the Dirac operator defined on S: depending on the dimension of the manifold M , the operator D S coincides with D M or with the double copy D M ⊕ −D M , see Section 2 for more details. Moreover, the equality holds in (2) if and only if there exists two parallel spinor fields ψ, θ ∈ Γ(ΣN ) such that P + ϕ = P + ψ and P − ϕ = P − θ on the boundary. Here the operators P ± are the orthogonal projections of L 2 (S) onto the ±1-eigenspaces corresponding to the ±1-eigenvalues of the endomorphism iν on S, where ν is the inward unit vector field normal to the boundary.
The proof of Inequality (2) relies mainly on the use of the spinorial Reilly formula applied to an appropriate spinor field which is a solution of a boundary value problem (see [17] for a survey on those). As an application of this inequality, O. Hijazi and S. Montiel proved that if M admits an isometric and isospin immersion as an hypersurface into another spin Riemannian manifold N carrying a parallel spinor field with mean curvature H, then the inequality
holds [16, Theorem 2] . Moreover, the equality is realized if and only if the shape operators of both immersions are the same. In the special case where N = R n+2 , equality in (3) implies that N is a Euclidean domain and the immersion is congruent to the embedding of M into N as its boundary. Inequality (3) implies also the Positive Mass Theorem in the spin case. Another application of interest is that the first eigenvalue of the Dirac operator of the boundary M corresponding to the conformal metric with conformal factor H 2 is at least In this paper, we are interested in studying the class of Riemannian spin manifolds whose boundary is foliated by a unit vector field ξ (we will call those foliations Riemannian flows, see Section 2). We aim at establishing rigidity results on such manifolds when looking at solutions of the basic Dirac equation on the boundary, that is, a spinor field ϕ satisfying the equation
where H 0 is a basic function defined on the boundary and D b is the basic Dirac operator, see [11, 12] and references therein for the study of its transversal ellipticity. Here the word "basic" refers to transverse objects that are constant along the leaves of the flow.
First, we start with studying solutions of the equation (4) . In fact, we prove that any solution ϕ satisfies an integral inequality derived from (2) (see Theorem 3.1) which involves the geometric data of the flow and the boundary, such as the O'Neill tensor and the mean curvature. By requiring the positivity of the ξ-direction principal curvature, we show that the equality case of this integral inequality restricts the geometry of the flow. In fact, it has to be a local product (that is, the O'Neill tensor vanishes) and the vector ξ belongs to the kernel of the Weingarten map (see Theorem 3.2) . In this case, the spinor ϕ (resp. ϕ + ξ · M ϕ) can be extended to a parallel spinor on the whole manifold if n is even (resp. n is odd). Here " · M " denotes the Clifford multiplication on the boundary M .
In a second step and since basic Killing spinors (see e.g. [13, eq. (1.4.5) p.37]) are particular solutions of the basic Dirac equation, we characterize the geometry of the flow carrying such spinors. By applying the equality case of the integral inequality, we prove the following rigidity result: Here Ω denotes the 2-form associated to the O'Neill tensor field. In the last part of the paper, we combine our result with an inequality by B.-Y. Chen [6] in order to deduce a sufficient condition for having a non-trivial flow, i.e. a flow that is not a local product (see Theorem 4.8).
Riemannian flows and manifolds with boundary
In this section, we briefly recall some preliminaries on spin Riemannian flows (see [27] , [13] ). We then describe the geometric setting on manifolds with boundary. For more details, we refer to [19] , [9] , [10] and [5] .
Spin Riemannian flow
Let (M n+1 , g) be a Riemannian manifold of dimension n + 1 endowed with a Riemannian flow given by a unit vector field ξ. That is, the vector ξ defines a one-dimensional foliation of M given by its integral curves satisfying the bundlelike condition L ξ g | ξ ⊥ = 0 (see [25] ). Here L ξ denotes the Lie derivative with respect to the vector field ξ. Equivalently, this means that the endomorphism h defined by h := ∇ M ξ : T M → T M and known as the O'Neill tensor of the flow [21] , restricts to a skew-symmetric tensor field on the normal bundle Q = ξ ⊥ . In particular, this gives rise to a unique metric connection ∇ on the normal bundle, called transversal Levi-Civita connection, with respect to the induced metric. It is defined, for any section Y ∈ Γ(Q), by [27] . On the other hand, one can easily check that the corresponding Levi-Civita connections on M and Q are related for all sections Z, W in Γ(Q) via the Gauss-type formulas [13] :
ξ is the mean curvature of the flow. From now on, we assume that M is a spin manifold. Since the tangent bundle of M splits orthogonally as T M = Rξ ⊕ Q, the pull-back of the spin structure on M induces a spin structure on the normal bundle Q (see [4] ). In this case, the spinor bundle ΣM is canonically identified with the spinor bundle of Q, denoted by ΣQ, for n even and with the direct sum ΣQ ⊕ ΣQ for n odd. The Clifford multiplications "· M " in ΣM and "· Q " in ΣQ are identified for any section Z ∈ Γ(Q) and spinor field ϕ ∈ Γ(ΣQ) as follows:
Therefore, by using of the above identification, one can relate the spinorial LeviCivita connection ∇ M on ΣM with the one on ΣQ by [13, 
where Ω is the 2-form associated to the tensor h defined for all Y, Z ∈ Γ(Q) by
Throughout this paper, we will consider Riemannian flows with basic mean curvature κ, i.e., the mean curvature of the flow satisfies ∇ ξ κ = 0. The basic Dirac operator D b is a first order differential operator (see [11] and [12] ) defined on the set of basic sections (sections of the spinor bundle ΣQ satisfying ∇ ξ ϕ = 0) by
where {e i } i=1,··· ,n is a local orthonormal frame of Γ(Q). Recall that the basic Dirac operator preserves the set of basic sections and is a transversally elliptic and essentially self-adjoint, if M is compact. Therefore, by the spectral theory of transversal elliptic operators, it is a Fredholm operator and has a discrete spectrum [7, 8] .
As a direct consequence from Equations (5), the transverse Levi-Civita connection commutes with the Clifford action of ξ, that is ∇ X (ξ · M ϕ) = ξ · M ∇ X ϕ for any spinor field ϕ ∈ Γ(ΣQ) and X ∈ Γ(T M ). In particular, this means that the spinor field ξ · M ϕ is basic if and only if ϕ is basic. Thus, the basic Dirac operator shares a fundamental property with the Clifford action of ξ on basic spinors. In fact, for n even (resp. n odd) and for any basic spinor field ϕ, we have
Here we point out that, for n odd, the identity in (6) is equivalent to saying that (
Hence, the spectrum of the basic Dirac operator
is symmetric with respect to zero. We finish this part by stating a fundamental relation between the Dirac operator on M and the basic Dirac operator. We have,
Riemannian spin manifold with boundary
In the following, we will review some well-known facts on spin manifolds with boundary, see e.g. [14, 17, 18] and references therein. Let (N n+2 , g) be a Riemannian spin manifold of dimension n+ 2 with smooth boundary M = ∂N. The existence of the (inward) unit vector field ν normal to the boundary defines in a natural way a spin structure on M induced from the one on N . This gives rise to the two spinor bundles on the boundary, the intrinsic bundle ΣM and the extrinsic one S = ΣN | M . Each bundle is endowed with the spinorial Levi-Civita connection, the Clifford multiplication and the Dirac operator. The extrinsic data are related to the ones on N by the formulas:
where " · " is the Clifford multiplication on N , the tensor A is the Weingarten map given for all X ∈ Γ(T M ) by A(X) = −∇ N X ν, the spinor field ϕ is a section in S and H = 
On the other hand, the extrinsic spinor bundle can be identified with the intrinsic one in a canonical way depending on the dimension of N. Namely, if n is odd, the tuple (S, "
Moreover, using the first two equations in (8) and the Gauss formula, one can prove that the following relations hold for all
and that,
Equality (10) means that the spectrum of D S is symmetric with respect to zero and if n is even the Dirac operator on M commutes with the action of ν, that is,
for any spinor field Φ ∈ Γ(ΣM ).
We define the operators P ± as being the orthogonal projection of L 2 (S) onto the ±1-eigenspaces corresponding to the ±1-eigenvalues of the operator iν on S, i.e. iν · P ± = ±P ± . They satisfy P ± (X·) = X · P ∓ and P ± (ν·) = ν · P ± , for all X ∈ Γ(T M ). This implies that D S P ± = P ∓ D S . Now, we state the following lemma about the spectrum of the basic Dirac operator when N is an (n + 2)-dimensional Riemannian spin manifold whose boundary M carries a Riemannian flow. 
Proof. Using the identification of the spinor bundles for n even, we have
Therefore, we can think of any ϕ ∈ Γ(ΣQ) as a section in one subbundle of S, say S + . This means that ξ · ϕ is a section in S − . In order to prove the lemma, we need first to show that ξ · ϕ is a basic spinor field. Indeed, using the first equation in (5) and the identification of the Clifford multiplications in (8), we write
which vanishes since ϕ is a basic spinor field. Now using Equation (7), we have
On the other hand and again by the identification between the Clifford multiplications, we compute
Finally comparing Equations (13) and (14), we deduce the desired identity.
This lemma has the important consequence that if ϕ is an eigenspinor for the basic Dirac operator associated to an eigenvalue λ, then the spinor ξ · ϕ is an eigenspinor associated to the eigenvalue −λ.
Foliated manifolds with boundary
In this section, we will deal with a Riemannian spin manifold whose boundary carries a Riemannian flow given by a unit vector field ξ. We will assume, after restricting the spin structure to the normal bundle, the existence of a spinor field ϕ which is a solution for the basic Dirac equation. We will prove that the solution ϕ satisfies an integral inequality involving the geometric data of the flow and the boundary. When the equality case in this integral inequality is attained, we will show that the spinor solution ϕ (resp. ϕ + ξ · M ϕ) is the restriction of a parallel spinor on the whole manifold N if n is even (resp. if n is odd). The key point of our results is the integral inequality (2) 
The equality case in Inequality (15) is now characterized by: Since the identification between the data (the spinor bundles, the Clifford multiplications, the Dirac operators,...) of the manifold, the boundary and the normal bundle of the flow depend on the parity of n, we will distinguish two cases to prove Theorem 3.1 and Theorem 3.2: the even-dimensional case and the odddimensional case.
The even-dimensional case
In this subsection, we will prove Theorem 3.1 and Theorem 3.2 for n even. We start by proving Theorem 3.1.
Proof of Theorem 3.1. Since the manifold N is spin, the manifold M and the normal bundle Q of the flow are also spin. Because n is even, the spinor bundle of Q is identified with the one of M, which is also identified with one subbundle of S, see (12) . Therefore we can think of any ϕ ∈ Γ(ΣQ) as a section in one subbundle of S, say S + . With the help of Equation (7), we can say that
and
We then have
Thus, by applying Inequality (2) to ϕ and ξ.ϕ and summing the obtained inequalities, we find the desired result.
Before proving Theorem 3.2, we start by establishing a crucial lemma about the characterization of the equality case of (15).
Lemma 3.3 Under the same conditions as Theorem 3.1 and if equality holds in (15), we have
for all X ∈ Γ(T M ).
Proof. Assume that equality holds in (15) . We know that the optimality is characterized by the existence of two parallel spinors ψ, θ on N such that P + ϕ = P + ψ and P − ϕ = P − θ on M . By taking D S on both sides and using the last equation in (8) for the spinors ψ and θ, we get
There exists two parallel spinors Ψ, Θ such that the following holds on M :
As before, this also means that
Now, differentiating the equation ξ · P − θ = P + Ψ along any vector field X in Γ(T M ) and using the first formula in (9) with the fact that ∇ S commutes with
Since the spinors θ and Ψ are parallel, we deduce from (8) that the above equation can be reduced to
In the same way and by differentiating the equation ξ · P + ψ = P − Θ, we can derive the relation
On the other hand
Thus, by applying P ∓ on both sides of the last equality we find that
and,
In Equation (19), we replace P − Ψ by its value from (20) and P + θ by
to get the following identity
Also, we can prove that a similar identity as in (22) holds with the opposite sign. This gives after summing them Equation (18) .
We are now able to prove Theorem 3.2 for n even.
Proof of Theorem 3.2. Assume that Equality holds in (15) and let us prove that h = 0 and A(ξ) = 0. First of all, multiplying (18) by a vector X and contracting over an orthonormal frame {ξ, e 1 , · · · , e n } of T M , we get that
where we used the local expression of Ω given by Ω = 1 2 n i=1 e i · M h(e i ). Multiplying again Equation (23) by A(ξ) · M ξ· M and plugging the last term in (23) by its value into the new equation, we find after a straightforward computation that
where we denote by B the term
We now claim that B = 0. In fact, we can write B = Since by assumption H 0 > 0, this gives ϕ = 0. But the zero-set of any basic solution ϕ of (4) has dense complement subset in M by [3, Main Theorem] since the basic Dirac operator on basic sections only differs from the Dirac operator D M by a zero-order-term, see (7) . Therefore, we obtain a contradiction and hence B = 0 must hold. Now, we claim the following:
Lemma 3. 4 We have that
where I := (n + 1)H + g(A(ξ), ξ),
Assume the lemma holds for the moment. First of all, we point out that L is a non-vanishing vector field. Indeed, assume that A(ξ) = Kξ then, g(A(ξ), ξ) = −(n+1)Hξ. This implies that A(ξ) = −(n+1)Hξ which leads to a contradiction because B = 0. Therefore, we deduce that HIκ· M ϕ+H 0 J ϕ = 0 and, and, since the zero-set of ϕ has dense complement subset in M , we obtain J = 0 and Iκ = 0. Notice that I cannot be zero because I = − 1 (n+1)H J + B = B. Thus κ = 0 and A(ξ) = 0. Plugging this in (24) gives that Ω · M ϕ = 0. Finally, Equation (18) implies that h = 0. In order to prove the last statement of Theorem 3.2, we proceed as in [16, Thm. 2] . Using Equation (21), we have that
Applying D S on both sides of the two equalities yields after taking the sum that
Thus, the Hermitian product by ϕ gives H 0 = H which means that P + ϕ = P + θ and P − ϕ = P − ψ. Thus, we get that ϕ = ψ = θ on M . The same can be done for ξ · ϕ.
We still have to prove Lemma 3.4.
Proof of Lemma 3.4. Since B = 0, Equation (24) implies that
Taking the Clifford multiplication of Equation (18) with ξ and for X = ξ, we get
Combining Equations (26) and (25), we get
The last expression can be written as
Let us determine C 1 , C 2 , C 3 and C 4 . For example, the coefficient C 1 of ξ · M κ · M ϕ is given by
In a similar way, we can find
Finally, we have 
The odd-dimensional case
In this subsection, we will prove Theorem 3.1 and Theorem 3.2 when n is odd. The difference between the proofs in both cases comes certainly from the different identification of the spinor bundles, the Clifford multiplications and the Dirac operators.
We recall from Section 2 the identifications of the spinor bundles of N, the boundary M and the normal bundle of the flow as
where in the first isomorphism, the Clifford multiplications are being identified as
for any Z ∈ Γ(Q), while in the second isomorphism X · M Υ = X · ν · Υ for any spinor field Υ ∈ S = ΣN | M . From the fact that n + 1 is even, the action of iν on S is determined by the action of the complex volume form ω of ΣM , that is for any spinor Υ on S, we have iν · Υ = ω · Υ =Ῡ, whereῩ = Υ + − Υ − with Υ ± are eigensections of ω corresponding to the eigenvalues ±1. Thus, from the definition of the projections P ± , we deduce that P ± Υ = Υ ± .
Proof of Theorem 3.1. As for the even case, the proof is mainly based on the use of Inequality (2) applied to the spinor field Υ = ϕ + ξ · M ϕ. Here ϕ is considered as a section in ΣQ ≃ Σ + M, i.e. P + ϕ = ϕ. Therefore, we compute
It is easy to check that ξ · M Ω · M ϕ, ϕ = 0, we then deduce that the norm of the spinor field |D S Υ| 2 is equal to
Remark 3.7 The condition taken in the equality case of Theorem 3.1 can be refined by requiring that the sectional curvature on N vanishes along planes in T M containing ξ. Indeed, using the Gauss-Codazzi equations the Ricci curvature on M of the vector ξ is equal to
where
4 Rigidity results for the geometry of the manifold, its boundary and the Riemannian flow
In this section, we will state various rigidity results on manifolds whose boundary carries a particular solution of the basic Dirac equation and the mean curvature is assumed to satisfy some condition depending on the norm of the O'Neill tensor of the flow. These results can be seen as the foliated counterpart of the ones in [22] .
We will estimate the two terms in the integral inequality (15) involving the 2-form Ω in terms of its norm. Indeed, we have:
Proposition 4.1 Under the assumptions of Theorem 3.1, the inequality
holds. Moreover, under the condition (n + 1)H 0 + [ Proof. Since the operator iΩ is Hermitian, all its eigenvalues are real. Therefore, one can always find an orthonormal frame
Here λ j are the eigenvalues of the operator iΩ. Thus, from the Cauchy-Schwarz inequality, we get
and we conclude (31) by using Theorem 3.1. The equality holds if and only if (n + 1)
In this case, the condition (n + 1)H 0 + [
2 |Ω| ≤ (n + 1)H allows us to deduce that Ω = 0 which yields from (18) to h = 0 and A(ξ) = 0. When n is odd, the same technique carries again over by using (28).
Remark 4.2 Under the assumptions of Theorem 3.1 and the conditions
2 H 2 and g(A(ξ), ξ) ≥ 0, equality holds in (15) . Then, by Theorem 3.2, we have h = 0 and A(ξ) = 0.
Remark 4.3 It is an easy fact to see that if there exists a basic harmonic spinor on the flow, that is
holds. However, the limiting case cannot be achieved since the mean curvature is assumed to be positive. In the following subsection, we will apply Corollary 4.4 for particular solutions of the basic Dirac equation, namely the basic Killing spinors [13] in order to prove Theorem 1.1.
Basic Killing spinors as solutions of the basic Dirac equation
It is a standard fact that on a spin manifold, Killing spinors are particular solutions of the Dirac equation. Those spinors appeared in the limiting case of an eigenvalue estimate of the Dirac operator (see e.g. [9] and references therein) and they are completely classified in [1] . In the following, we will consider a Riemannian flow defined on the boundary of a spin manifold and will assume that it carries a basic Killing spinor, that is, spinor ϕ satisfying ∇ X ϕ = αX · Q ϕ for all X ∈ Γ(Q) and ∇ ξ ϕ = 0 for a real number α (assumed to be ± 1 2 ). We will prove Theorem 1.1 by considering again the two cases: n is even and n is odd.
Proof of Theorem 1.1 for n even. Note first that the existence of a basic Killing spinor ϕ of Killing constant − (5) and (8) that A(X) = X for all X orthogonal to ξ. Thus, the manifold N is flat and by the de Rham theorem the universal cover M of M is isometric to the Riemannian product R×Z, where Z is a simply connected Riemannian manifold carrying a maximal number of Killing spinors. Therefore with the use of Bär's classification [1] , this implies in particular that M ≃ R × S n . Moreover, the fundamental group of M is embedded in the product Isom + (R) × Isom + (S n ) where Isom + denotes the group of isometries which preserves the orientation of the corresponding manifold. Since in even dimensions the only isometry group preserving orientation acting freely on S n is the trivial one, we deduce that the manifold M is either S 1 × S n or R × S n (which is excluded from the compactness of M ).
In order to check that N is isometric to S 1 × B, where B is the unit ball, we need the following lemma: Assume this lemma for a moment and consider a connected integral submanifold N 1 of the bundle (Rξ) ⊥ , where the orthogonal is taken in N . From the parallelism of the vector field ξ, it is straightforward to see that N 1 is the quotient of a totally geodesic hypersurface N 1 of the universal cover N (which is complete) of N . In particular, the manifold N 1 is complete since it is a level hypersurface of the function f defined on N by d N f = ξ (recall here that d Nξ = 0). From the fact that the universal cover is a local isometry, we deduce that N 1 is complete. On the other hand, the boundary of N 1 is also a totally geodesic hypersurface in ∂N = S 1 × S n with a normal vector field ξ ∈ T S 1 , carrying a maximal number of Killing spinors (hence it is compact but may be unconnected). Moreover, the second fundamental form of ∂N 1 is equal to −∇ N1 X ν = −∇ N X ν = X, which means that ∂N is totally umbilical in N 1 . Thus from the rigidity result in [20, Thm. 1.1], we deduce that N 1 is compact which from [14, Cor. 4] or [22, Thm. 1] implies that ∂N 1 is connected and is isometric to the round sphere. Therefore N 1 is isometric to the unit ball B (see [14, Cor. 5] or [22, Thm. 5] ). Finally, by the de Rham theorem, the manifold N is isometric to the quotient of the Riemannian product R × B by its fundamental group. By the Brouwer theorem -stating that any isometry on a ball has a fixed point -the isometry group of N acts trivially on the second factor and thus N ≃ S 1 × B.
Now, let us prove Lemma 4.5 that we used to prove Theorem 1.1 for n even.
Proof of Lemma 4.5. Given any p-form ω on M the following boundary problem
admits a solutionω (which is also a p-form) on N (see Lemma 3.5.6 in [26] ). Here J * ω denotes the restriction ofω to the boundary. Using Stokes formula, on can easily check that δ N d Nω = 0 (see e.g. the proof of [23, Theorem 8] ). Therefore, the formφ := d
Nω satisfies the boundary problem
Given the 1-form ω = ξ ♭ on M , letξ be a solution of the problem (32). In the sequel, we will show that the vector fieldξ is parallel on the manifold N . To do this, we will use the Reilly formula established in [24, Theorem 3] : For any p-form α on N with p ≥ 1, we have
is the curvature term of N in the Bochner-Weitzenböck formula (which in our case vanishes since N is flat) and
where A is the second fundamental form (here β is a k-form on N ). By convention, we take
The formφ = d Nξ is closed and co-closed on N and its restriction to the boundary vanishes from the fact that d M ξ = 0 (the vector field ξ is parallel on M ). Therefore, the Reilly formula applied toφ = d
Nξ gives that
Since the second fundamental form is equal to zero in the direction of ξ and to the identity in the orthogonal direction to ξ, we find for A [1] that
Hence, we get that
where {e i } i=1,··· ,n is an orthonormal frame of Γ(Q). Thus, after replacing the mean curvature H by n n+1 , the Reilly formula reduces to
Therefore the form ν φ vanishes on M andφ is parallel on N , which means that it has a constant norm. But using the identity |φ| 2 = |J * φ
holds at any point on the boundary, one can deduce thatφ = 0 (recall here that the restriction ofφ to the boundary vanishes). Thus we get that d Nξ = 0. On the other hand, with the help of the Stokes formula and the fact thatξ is a solution of the problem (32), one can easily prove that δ Nξ = 0. We apply again the Reilly formula for the 1-formξ to get that
which gives thatξ is parallel on N and is orthogonal to ν along the boundary.
Here we used that δ M ξ = 0 and A [1] (ξ) = 0.
Finally, we would like to notice that the vector fieldξ is unique. Indeed, we prove that any extension of the vector field ξ of the boundary problem (32) is a parallel vector field on the whole manifold. Hence for any other extensionξ 1 , the vector fieldξ −ξ 1 has a constant norm (both are parallel) and restricts to zero on the boundary.
Proof of Theorem 1.1 for n odd. The existence of a maximal number of basic Killing spinors of constant − An immediate consequence of Theorem 1.1 is when the boundary of a spin manifold is isometric to the Riemannian product S 1 × S n (which is a trivial fibration over the round sphere). In this case, if the spin structure on N induces the trivial one on the boundary S 1 × S n , the flow carries obviously a maximal number of basic Killing spinors. Therefore, we can say: 
Integrability condition of the normal bundle
In the following, we will state another rigidity results which mainly uses a previous work of B.-Y. Chen [6] . In his paper, Chen proved that given any Riemannian submersion M n+1 → B b with totally geodesic fibres where M is isometrically immersed onto a Riemannian manifold N , the O'Neill tensor of the submersion can be bounded from above by the mean curvature of the immersion and the sectional curvature of N . Indeed, he showed that |h| 2 ≤ (n + 1) 
